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Abstract 

We prove index formulas for elliptic operators acting between sections 
of C*-vector bundles on a closed manifold. The formulas involve Karoubi's 
Chern character from iT-theory of a C*-algebra to de Rham homology of 
smooth subalgebras. We show how they apply to the higher index theorem 
for coverings and to flat foliated bundles, and prove an index theorem 
for C*-dynamical systems associated to actions of compact Lie groups. 
In an Appendix we relate the pairing of odd K-iheory and KK-theory 
to the noncommutative spectral flow and prove the regularity of elliptic 
pseudodifferential operators over C*-algebras. 



1 Introduction 

One of the generalizations of the Atiyah-Singer index theorem is to elliptic pseu- 
dodifferential operators associated to C*-vector bundles. Mishenko-Fomenko 
introduced these operators and their index, an element in the if-theory of the 



C*-algebra |MF|. Furthermore they defined a Chern character for C*-vector 
bundles and used it to formulate and prove an analogue of the Atiyah-Singer in- 
dex theorem. However, in general it is not clear how to calculate the Mishenko- 
Fomenko Chern character of a C*-vector bundle: Its definition is based on the 
map KoiC{M,A)) «) C ^ Kq{C{M)) (g> KoiA) C ® Ki{C{M)) (g, Ki{A) (g> C 
for a closed manifold M and a unital C*-algebra A, which exists by Kiinncth 
formula. 

In this paper we prove index theorems for the same situation using Karoubi's 
Chern character from the ii'-theory of a C*-algebra to the de Rham homology 



of smooth subalgebras |Ka|. Karoubi's Chern character is a generalization of 
the Chern character in differential geometry and is closely related to the Chern 
character in cyclic homology. Karoubi's de Rham homology has been used 



especially in noncommutative superconnections proof beginning with |Lo|. 

We also prove (in the Appendix) that the pairing Ki (A) x KKi {A, B) — > Ki (B) , 
where A, B are unital C*-algebras, can be expressed in terms of the noncommu- 
tative spectral flow, which was introduced in the context of family index theory 



by Dai-Zhang pzl. See |Wa| for further references and a systematic account. 



The formula is well-known for B — C and the ordinary spectral flow. 



*This research was funded by a grant of Advance VT 
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The main ingredient of the proof of the index theorem is a result about the com- 
patibihty of Karoubi's Chern character with the tensor product in _fC-theory. 
This allows the comparison of Karoubi's Chern character with Mishenko- 
Fomenko's Chern character. 

Our proof generalizes the derivation of Atiyah's L^-index theorem from the 
Mishenko-Fomenko index theorem in ||S^ . It is also closely related to the proof 
of an index theorem for flat foliated bundles inpf, which is a special case of 
Connes' index theorem for foliated manifolds |C2p p. 273] and i mplies the C*- 



algebraic version of higher index theorem of Connes-Moscovici | CM |. As an 
illustration we derive the the latter in detail from our formula. We also show 
how to apply the formula to flat foliated bundles. In this context we introduce 
a smooth subalgebra which is defined in more general situations than the one 
ini. 

We also prove an index theorem for Tocplitz operators associated to a C*- 
dynamical system {A, G, a) where G is a compact Lie group. The Chern char- 



acter involved here has been defined in |C1]. In |Le| a similar index theorem was 



proven for G = IR using Breuer-Fredholm operators. We relate both theorems 
in the case where the IR-action is periodic. 

In the Appendix we explain how the pairing of if-theory with KK-t]\eoiy is 
related to index theory and collect some useful facts about pseudodifferential op- 



erators over G*-algebras beyond those proven in [MF], in particular that elliptic 
pseudodifferential operators are adjointable as bounded operators between ap- 
propriate Sobolev spaces and regular as unbounded operators on a fixed Sobolev 
space. 

If not specified, tensor products between graded spaces are graded, and between 
Frechet spaces they are completed projective. 

Acknowledgements: I would like to thank Peter Haskell for helpful comments 
on previous versions of this paper. 



2 De Rham homology and the Chern character 
2.1 Definition 

In this section we recall and slightly extend the definition of Karoubi's Chern 
character and collect properties that are relevant for index theory. The main 



reference is |Ka| 



Let Aoo be a locally m-convex Frechet algebra. 

The left ^oc-module of differential forms of order k of Aoo is defined as 
and the Z-graded space of all differential forms is 

oc 



k=0 
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There is a diflFerential d on tl^^Aoo of degree one defined by 

d(ao (g) . . . (g) Gk) = 1 ® ao ® . . . Ofc 

and a product determined by the properties that 

oo (8) • ■ • <8i ftfc — aodai . . .dak 

and that Leibniz rule holds which says that for a G ilkAoo, P G ftf,Aoo 

d{a(3) = (da)/3+ (-l)'=ad/3 . 

With these structures Ct^,Aoo is a graded differential locally m-convex Frechet 
algebra. 

For a closed manifold M 

ClP''^{M,Aoo) ■■= nP{M,ClgAoc) = (V{M) ® ClqAo. , 

where Cl*{M) is the space of smooth differential forms on M. 

We call an open subset U C M regular if the compactly supported de Rham 
cohomology H*{U) is finite-dimensional and if there are open subsets Uo,Ui 
with Uq C U and U C Ui such that there is a smooth homotopy F : [0, 1] x /7i — > 
Ui with F{0,x) = X for all x e U and such that F^^{{1} x U) C {1} x Uq and 
F-^{{t} xU) c{t}xU for aU t £ [0, 1]. 

For a regular open subset U in M we define Ct^''' (UjAod) to be the closure of 
the subspace of i}P''^{M,Aoo) spanned by forms with support in U. 

The product on CIq*{U,Aoo) is determined by the natural isomorphism 
ClQ*{U,Aoa) — ^o{U) Cl^Aoo- Here the right hand side is understood as 
a graded tensor product of graded algebras. Let du be the de Rham dif- 
ferential on U. The differential of the total complex of the double complex 
{Cll*{U,Aoo),du,d) is denoted by dtot and its homology by 7?o(C/,^oo)- The 
definition does not depend on the embedding of U into M as a regular subset. 

For a closed manifold M we usually omit the suffix and write H*{M,Aoc)- 

For F as above let ft = F{t,-) : U ^ U. Then /* : H*{U) H*{U) is 
inverse to the map H*{U) — > Hq{U), since for a closed form uj E ^o{U) the 
form f*uj is a closed form supported in U and f^uj — lu ~ djj F*lu. Hence 
H:iU)^H*iU). 

The isomorphism ilQ*{U,Aao) — ^o(^) ® ^*-^oo induces isomorphisms 



n**{u,Aoo)/[n*o*{u,Aoo),n*o*iu,Aoo)]s = ^oiu)(^^*Aoo/[n,Aoo,n,Aoo]s 



These isomorphisms have been proven in |Ka, §§4.7, 4.8] in a slighly different 
situation. The proof carries over. It uses completed tensor products, therefore 
we use ^o{U) instead of compactly supported forms for the definition of coho- 
mology. The proof uses furthermore the fact that Hq{U) is finite-dimensional. 

We call a smooth possibly noncompact manifold M regular if there is a covering 
(?7„)ng]N by regular subsets with J7„ C Un+i- 
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Extending a form by zero induces a well-defined push forward map 
HQ{Un,Aoo) ^ HQ{Un+i,Aoo) SO that we can define 

H:iM,Aoo) = Hm H*iUn,Aoo) ■ 

n — ^oo 

It is clear that H* (M) agrees with the compactly supported de Rham cohoniol- 
ogy of M. 

If M — > i? is a fiber bundle of regular oriented manifolds, then integration over 
the fiber yields a homoniorphism 

/ ■.h:{m,Aoo)^h:-'''^^'^{b,Aoo)- 

J Mi 

The de Rham homology of Aoo is 

HMoo) :-i/*(*,^oo) , 

where * is the point. 

If M is a closed manifold, we usually write H*(M,Aoc) for Hq{M,Aoo)- Note 
that then the quotient map Vln{C^ [M , Aoa)) Qp^q^nClP-'^ {M, Aoo) induces 
a homomorphism 

H,iC°°{M,Aoo)) H*{M,Aoo) . 

We proceed with the definition and the properties of the Chcrn character. 

Let ^ be a unital C*-algebra and let Aoo C .4 be a dense subalgebra that 
is closed under involution and holomorphic functional calculus in A. Assume 
that is endowed with the topology of a locally m-convex algebra such that 
Aoo ^ .4 is continuous. We call such a subalgebra a smooth subalgebra of A. 

Let AI be a regular manifold. Recall that Ko{Co{M, A)) — 
KeT{Ko{Co{M,A)+) Ko{C)), where CoiM,A)+ denotes the unitalization of 
Co{M,A). Since C^{M,Aoo)^ is dense and closed under holomorphic func- 
tional calculus in Co{M,A)+, we have that Ko{C^{M,Aoo)) = Ko(Co(Af, ^)). 

The Chern character form of a projection P E Mn{C^{M,Aoo)^) is defined as 

The normalization differs from the normalization in p<^a| and is chosen such that 
the Chern character of the Bott element B € Ko{Co((0,l)^)) integrated over 
(0, 1)^ equals 1. (There is also some ambiguity about the sign of the Bott element 
B in the literature. Here we take S = 1 - e KeT{Ko{C{S^)) i^o((D)), 
where H is the Hopf bundle.) 

In the following proposition we denote by Poo € M„(C) the image of P € 
Mn{C^{M,Aoo)^) under "evaluation at infinity". 

Proposition 2.1. 1. c]i^^{P) is closed. 
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2. Let P : [0, 1] Mn{C'^ [M , Aoo)^) be a differentiable path of projections 
and let U C M be such that supp(P(i) - Poo(i)) C U for all t G [0, 1]. 

Then there is a form a G h**{U,Aoo)/[^l*{U,Aoo)Al*[U,Aoo)]s such 
that dtota = ch^^^ (P(l)) - chX^ (P(0)). 

3. The Chern character form induces a well-defined homomorphism 

Ko{Co{M,A)) ^ h:{M,Aoo) ■ 

Proof. For M compact the proofs are standard. We include the proof of 2) in 
order to show that it works in the noncompact case as well: 

From Leipniz rule on deduces that the terms PP'P, (1 — P)P'{\ — 

P), P{dtotP)P, (1 - P)idtotP){l - P) aU vanish. 

Hence 

tiiPidtotP)^")' - tr P'idtotPf^ + tTPiidtotP)^")' 
= trPiidtotP)'')' 

2/c-l 



tr P{dtotPy{dtotPy{dtotP) 



i=0 

This vanishes for fc = 0. 
For i even and fc 7^ 

tYP{dtotpy{dtotpy{dtotP)^''-'-' 

= tiidtotPyP{dtotP'){dtotPf''-'-^ 

= tiidtotpyidtotipp'mtotPf"-'-^ - ir{dtotpy{dP)p'{dtotP?''-'-^ 

= ir{dtotPy{dtot{PP')){dtotPf''-'-^ 

= dtotirP{dtotPy-\dtot{PP')){dtotP?''-'-^ ■ 

Note that tr P{dtotPy^Hdtot{PP')){dtotP)'^''^'^^ vanishes on U for k ^ 0. 
For i odd the argument is similar. □ 

We define the odd Chern character via the following diagram: 

KoiCoiiO,l)xM,A)) — ^ Ki{Co{M,A)) 

/hifoo (2.1.1) 
i7r((0,l) X M,Aoo) Hf\M,Ao.) . 



ch 



(0,1) X M 



Note that /J : iJ*((0, 1) x M,A^) H*{M,Aoo) is an isomorphism by 
H*{{Q, 1) X M,^oo) = ff*((0, 1)) O H*{M,Aoo) = H*{M,Aoo) ■ 

In the following we derive a formula for the odd Chern character. It is analogous 
to those well-known in de Rhani cohoniology and cyclic homology (compare with 
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Proposition 2.2. For u e Un{C^{M,A^)+) in H*{M,A^) 

ci^A^ilu]) = (^^) l^^j^_^^y U*idtotu){{dtotu*){dtotu)) 
Proof. Here we use that the Chern character can be defined in terms of non- 



commutative connections 



Ka|. 



Let Pn G M2n((C) be the projection onto the first n components. Let 
W{t) e C°°([0,l],C/2n(Ce°°(M,yioo)+)) with VF(0) = 1 and = diag(u, w*). 
Then the isomorphism Ki{Co{M,A)) Ko{C{{0,l) x M,A)) maps [u] to 
[W^P„VF*] — \Pn \- The Chern character is independent of the choice of the 
connection [Ka, Th. 1.22], thus we may use the connection WPn{dtot + 
dx d^+xW{l)*dtot{W{l)))W* on the projective C^HO, 1) x M, ^oo)+-module 
WPnW*{C^{{0, 1) X M,y^oo)+)" for its calculation. It follows that 

E/ /r. -Nt.,! ^t:{x^u* {dtotu)u* (dtotu) + x{dtotu*){dtotu) + dx u*{dtotu)f 
fe=o ^' ^ 
°° (-1)'' 

= Y] / tii{x - x^){dtotU*){dtotu) + dx u*{dtotu))'' 

= V-^— rprr / da; (a;-a;2)''"iM*Kotit)((dtotU*)(dtotM)) 

i^TTlj fc. Jq 

2^j (2/c- 1)! 



k=l 



□ 



2.2 Chern character and tensor products 

From now on assume that M is a closed manifold. 
Let K,{A)(c := K,{A) (g) C. 

In the following we prove the compatibility of the Chern character with the Bott 
periodicity map ifi(Co((0, 1),.4) = Ko{A) and with the Kiinneth formulas 

KoiC{M))^ d) KoiA)^ ® Xi(C(M))c ® Ki{A)^ = ifo(C(M, A)h 

and 

Xo(C7(Af))c ® Ki{A)<c ® i^i(C(M))c ® i^o(-4)c = i^o(C(Af,^))c . 

These isomorphisms are defined via the tensor product 

K,{C{M)) (E, K,iA) ^ X,+j(C(Af,^)), i,j e Z/2 . 

The tensor product is injective, hence we may consider Ki{C{M)) (g) Kj{A) as 
a subspace of Ki-^-j{C{M,A)). 
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First recall the definition of the tensor product. For i,j — the tensor product 
is induced by the tensor product of projections. The remaining three cases 
are derived from the tensor product of projections using Bott periodicity, for 
example 

^ Ko{Co{{OAf X M,A)) 
- Ko{C{M,A)) 



and 



Kq{C{M)) (g, Ki{A) 



KoiCiM)) (g, Ko{Comi),A)) 
Ko{Coi{0,l) X M,A)) 
Ki{C{M,A)) . 



A standard calculation (see [Ka, Th. 1.26]) shows that the tensor product for 
i = j = is compatible with the Chern character, namely for a e Kq{C{M)) 
and b e Ko{A) 

ch^L {a®b)= ch^\a) ch^^ (&) . 

In the following proposition (3 : KaiC{M,A)) iiro(Co((0, 1)^ x M,A), a ^ 
ag) B is the Bott periodicity map. 

Proposition 2.3. 1. For a e Kq{Cq{{0, 1)^ x M,A)) 



(0,1) 



ch^-)^x-(a) 



2. ForaeKo{Co{{0,l)xM)) and b e Ko{Co{{0,l),A)) 



=h("^i)x*'^(a)ch^4°'i^(&) . 



(0,1) 



Proof. We consider ifo(Co((0, l)^ x A-f, A)) as a subgroup of Ko{C{T^ x M, A)). 
1) Let b e Ko{C{M,A)) with B®b. Then 



(0,1) 



1 (0.1)2 xAf , , 

ch^^^ {B(gb) 



1 





















2) The assertion follows from the commutative diagram 

ifo(Co((0,l) X M))®i^o(Co((0,l),^)) > KoiC{S^ X M))(g> Ko{CiS\A)) 



KoiCoiiO,!)^ X M,A)) 
H*{M,Aoo) 



Ko{C{T^ X M,A)) 
H*{M,Aoo) 
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Since the horizontal arrows are inclusions, the first vertical map on the left hand 
side is determined by the first vertical map on the right hand side. The second 
square commutes by 1). □ 

Corollary 2.4. The diagram 

ifi(Co((0,l) X Af,^) — ^ Ko{C{M,A)) 

commutes. 

Proof. Consider the diagram 

Xi(C7o((0,l) X M,^)) Ko{Co{{0,l)^ X M,A)) Ko{C{M,A)) 



The first square commutes by diagram 2.1.1 appUed to (0, 1) x A/. The second 



square commutes by the first part of the previous proposition. □ 
We denote by 

Rjk ■■ K,iCiM,A))<s: ^ K,iCiM)),E ® KkiA)^ C K,{CiM,A)h 
the projections induced by the Kiinneth formulas. 
We have a tensor product 

ch*^® ch^^ : K,{C{M))<c ® K,{Ah ^ H*iM) ® H^Ao,) = i?*(Af,^oo) • 
Proposition 2.5. 1. On Ko{C{M, A))(s; 

ch^^^ = (ch*^ (g, chA^ ) o i?oo + (ch^'^ (g) ch^^ ) o i?n . 

2. On Ki{C{M,A))(c 

ch^J^ = (ch^ ® ch^^ ) o i?oi + (ch^ ® ch^^ ) o i?io . 

Proof. 1) follows from the previous proposition: Let a^b E K(){C{M, A)) with 
a e Ki{C{M))) and b £ Ki{A). Let a correspond to a e i^o(Co((0, 1) x M)) 
andbtobe Ko{Co{{OA),A)). 

Then by definition ch*^ (a) = ch'-"^^^''^-^ {&) andch^^(&) = ch''2'^\b). Now 
by the previous lemma 

ch^^^(a®6) = / ch("'i)x*^(5)ch^°::)(fe) 

''ch(o-i)x*^(a) tchf^\b) 

Jo °° 

ch^^(a)ch^^(&) . 
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2) follows applying by 1) to Ko{Co{{Q,l) x M,A)) since the Chern character 
interchanges the suspension isomorphisms in X-theory and de Rham homology. 

□ 

Define Ch^^ as the map 

Ko{C{M,A)) Ko{C{M,A))<c 

^ A'o(C(Af))c ® Ko{AU ® Ki{C{M))e ® i^i(^)c 

^ H^niM) ® KoiA) ® mi^iM) ® KM) ■ 
and analogously for Ki{C(M, A}). This is the Chern character introduced by 



Mishenko-Fomenko |MF| 



The previous Proposition is equivalent to the equation 

ch^^oCh^^ = ch^^ . (2.2.1) 

2.3 Pairing with cyclic cocycles 

In the noncommutative geometry the Chern character with values in the cyclic 
homology is more common than the one with values in the de Rham homology. 
Do Rham homology can be paired with normalized cyclic cocycles; in this pairing 
both Chern characters agree up to normalization: 

Let C^^{Aoo) be the quotient of the algebraic tensor product {Aoo/^)^^'^^ by 
the action of 2/ (n + 1)2. Let 

6: C^(^oo) C^-i(^oo) , 
6(ao (g) . . . a„) = (-l)"a„ao (8) . . . (gi a„_i 

oo 

+ l)*ao ® . . . (g) aiCj+i ® . . . a„ . 

i=0 

The homology of the complex {C'^{Aoo),b) is the reduced cyclic homology 
ifC*(^oo)- Using the completed projective tensor product instead of the alge- 
braic one we obtain the topological reduced cyclic homology HC^, (^oo)- Fur- 
thermore we denote by HCl'^'' (Aoo) the topological homology of (C„(^oo),fe), 
i.e. we use the completed projective tensor product and quotient out the closure 
of the range of b. 

The reduced cyclic cohomology HC*{Aoo) is the homology of the dual complex 
{C x{Aoc) , b*^) (in the algebraic sense). Elements of CxiAoo) are called normal- 
ized cochains. The continuous reduced cyclic cohomology HCfgp{Aoo) is the 
homology of the topological dual complex. 

The pairing HC*f.gp{Aoo)'^HC*°^ (Aoo) C descends to a pairing HCf^p{Aoo)'S) 
HC^, {Aoc) C Furthermore the quotient map r2n(-4oo) Cx{Aoo) induces 
an homomorphism Hn{Aoo) HC^ ^ {Aoo)^ which is an embedding for ri > 1 
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(see |Ka, §§4.1 and 2.13]). In degree zero there is a pairing of Ho{Aoo) = 



-4oo/[.4oo, .4oo] with traces on Aoo- 

The Chern character ch'^ : Kq{Aoc) — > HC^,{Aoo) is defined by 

oo 

ch^(p) = ^(-l)™trp®2™+i 
for a projection p £ Mn{Aoc)- Hence the composition 

Ko{A^) ^ Tic Moo) ^ Hc7{Aoo) 

agrees up to normahzation with the map 

KoiAoo) HMoc) HC7{Aoo) ■ 
In particular if e HC^^p{Aoo), then 

0och-^ = (27ri)™m! <?!)och^^ . 



3 Index theorems 

In the following we give a formulation of the Mishcnko-Fomenko index theorem, 
which is different from the original one and adapted to the applications. Further- 
more we translate its proof in the language of ifi^T-theory: We show the compat- 
ibility of the Chern character with the pairing K^{C{M, A))i^KKj{C{M), (D) 
Ki+j{A) for i,j G Z/2, where on KKj{(C{M), C) we use the Chern ch arac ter 
from iC-homology to de Rham homology of M. We refer to Appendix |5.l| for 
some facts about the connection of if i^-theory to index theory. 

Lemma 3.1. 1. For x G K,{C{M)) ® K,{A) C Ko{C{M,A)) and y G 
KKj{C{M),e) with i ^ j 

x®c{M) y - e Kj{A) ■ 

2. Forxe K,{C{M))®Kj{A) C Ki{C{M,A)) andye KKj{C{M),(D) with 

x®c(M) y^Q<^K,{A) ■ 
It follows that for x G K,{C{M,A)) and y e KK^{C{M), C) 

X <E)c{M) y = R3,i+j{x) <X)c(Af) y e Ki+j{A)(c . 

Proof. 1) Let Bi e KKo{Co{{0,iy),C) be the Bott element. By the standard 
isomorphism Ki{A) = KKi{<C, A) and the fact that the tensor product in K- 
theory is a special case of the Kasparov product all we have to show is that for 
a € KKj{e,Co{{0,l),A)) and b e KKj{<C,Co{{0,l) x M)) 

((a (X) 6) «'co((o,i)^) -Si) «'c(Af) y = . 
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This follows from the associativity of the product and the fact that (&<8iCo((o i)) 
Bi)(g>ciM)y^KKo{Co{{OA)),<C)=0. 

2) Let i 0, j = 1. Let B2 € KKi{Co{{0, 1)), C) be the Bott element. Let a e 
i^o(Co((0,l),^)) (^ndb€ KoiCiM)). Then {{a^b)^Co{(o,m B2)(^c(M)y ^ 
by associativity and since {b (E)c„((o,i)] B2) ®c(m) V G i^ifo(Co((0, 1)),C) = 0. 
The proof for z = 1, j = is analogous. □ 

Let now chjv/ : KKi{C{M),<i!,) H^,{M) be the homological Chern character 
where H^{M) is the de Rham homology of M with complex coefficients. 

For the following proposition note that the pairing ( , ) : H*{M) x H^,{M) — > C 
induced a pairing ( , ) : (7J*(M) (g> K,(A)) x H,{M) K^{A)t;. 

Lemma 3.2. For x e Ki{C{M,A)) and y G KKj{C{M), (D) 

{Ch^x,chMy) = (Ch^Rj,i+j{x),chMy) e K^+j{A)e ■ 

Proof. Consider the case i, j — 0. We have to show that {Ch^Ru (x), cliMy) = 
or equivalently that (Ch^^(a;), diMy) — for x ~ xi iSi X2 with xi e Ki{C{M)) 
and X2 e iiri(yl). 

Clearly Ch^^x = (ch*^xi)a;2. 

Hence 

(Ch^^(a;),chM(2;)) = (ch^ xi, chM(2/)).T2 . 

Since ch^xi G H°'^'^\M) and chuiy) G Hev{M), the pairing (ch*^ xi, chM(2/)) 
vanishes. 

The remaining three cases are analogous. □ 
Proposition 3.3. If x E Ki{C{M,A)) and y E KKj{C{M),C), then 

x<E)c(M) y = {Ch^x,chMy) E Ki+j{A)(E . 

Proof By the first lemma x ®c{m) y = Rj,i+j{x) ®c{m) y ^ Kt+j{A)(c- By 
the previous lemma the right hand side of the formula also only depends on 
Rj^i+j{x). Therefore and by linearity we may restrict to the case where x — 
xi (8> X2 with xi E Kj{C{M)) and X2 E K^+j{A). Then in K^+j{A)e 

X «)C(M) y = {Xl ®C(M) y)x2 

= (ch*^Xi,chM2/)a;2 
= (Ch^^x,chMy) . 



□ 



Using formula ^.2.1 and considering the pairing ( , ) : H*{M,Aoo) x H^,{M) 
Ht:{Aoo) we obtain: 



Corollary 3.4. If x E Ki{C{M,A)) and y E KKj{C{M), (D), then 
ch^oo (2; ®c(M) y) = (ch^f^ x,chji/j/) E H^{Aoo) ■ 
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In the following we translate these results into a more classical language (see 
Appendix : 

Now let M be a closed Riemannian manifold and let i? be a hermitian, possibly 
2/2-graded, complex vector bundle on M. 

Let D : C°°{M,E) C°°{M,E) be an elliptic symmetric pseudodifferential 
operator of order 1. If is graded, then D is assumed to be odd. In the 
ungraded case the symbol a{D) defines an element in Ki{Co{T* M)), in the 
graded case [a{D+)] e Ko{Co{T*M)). If E is ungraded, then [{L^{M, E), D)] e 
KKi{C{M),<C), else [{L^{M, E), D)] G KKoiC{M),e). In the ungraded case 
the values of the index ind are in Ki{A), in the graded case in Ko{A). 

Define the Avector bundle L{U) := ([0,1] x M x A")/{0,x,v) - {l,x,U{x)v) 
on X M and let ^l{u) be the operator acting on the sections of L{U). 
PuU E back to (g) M. Then (j>{t)D + (1 - (l){t))UDU* is well-defined on 
L2(S'1 X M,L{U)(g)E). 

Let TTi : H*{TM) H*{M) be integration over the fiber and k — 

dimM(dim A/+1) 
2 

Theorem 3.5. 1. Let P e Mn{C°°{M,A)) be a projection. 

(a) Assume that E is "2./ 2- graded. Then 

diA^ mdP{(S''D+)P = (-1)*^ f Td(M)7r, ch™[cr(D+)] ch^^^ [P] . 

(b) If E is ungraded, then 

chA^ ind P(e"i?)P = (-1)'= / Td(M)7r, ch™ [a{D)] ch^^^ [P] . 

2. Let U e Un{C°°{M,A)) be a unitary. 

(a) If E is ungraded, then 

diA^ si{{l-t)D+tUDU*) = {-if [ Td(Af)7r! ch™[CT(L')] ch^^^ [U] 

(b) If E is 'K/2-graded and a is the grading operator, then 

ch^^ ind[-a^L(iJ) + Mx{t)D + (1 - x{t))UDU*)) 

^{-if f Td(M)7r!ch™[f7(i?+)]ch^^^[[/] . 
Jm °° 



See Appendix 5.1 for more possibilities to express the left hand side of 2(a) and 
2(b). 



4 Applications 

4.1 Higher index theory for coverings and flat fohated 
bundles 

In the following we deduce the higher index theorem for coverings of Connes- 



Moscovici [CM I from the previous formulas. We do not recover the theorem in 
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full generality (which calculates the pairing of an index in algebraic i^-theory 
with group cocyeles), but for extendable cocycles. 

Let r be a discrete group. 

We begin by recalling some facts about the group cohomology H*{r), in par- 
ticular how to embed it into HC (F). 

Let 

C"(r) = {r : r"+i C, T{ggo, . . . , ggu) = r(5o, ■ • ■ , 5n) for all g e T} 
and let 

dr : C"(r) ^ C"+i(r), 

n+l 

drT{go,...,gn+i) = '^{-iyT{go,...,gj-i,gj+i,...gn+i) ■ 

3=0 

We denote by C^';(r) c C"(r) the subspace of alternating elements. The ho- 
mology of (C*;(r),rfr) is H*{r) (as is the homology of (C*(r),dr)). 

Furthermore let 

C^(CF)<e> = {c e Cl{€V) I c(5o, 51, . . . 5„) = for 5051 • • • fln ^ e} 
and let 

Cl{^^)<g>^<e> = {c G C^aC^T) I c{9o,gi, . . .^n) = for go.9i . . .g„ = e} . 
The complex {C*^{(CT),b*) decomposes into a direct sum {C*^{<ET)^g^,b*) ® 

(Clim<9>^<e>,b')- 

In the following we assume n > 1. 

For c G CA(Cr)<e> define Tc G C;',(r) by 

Tc{e,gi,...,gn) := c{gn^ ,gi, g^^ g2, g2^ gz, ■ ■ ■ gn-i9n) 

and for r G C^;(F) define c^- G CA(Cr)<e> by 

Cr(fi'o,fi'i, ■■■,9n)= r{e,gi,gig2, . . . ,gi . . .gn) H goQi ■■■9n = e 

and 

Ct{9o, 51, • • • , 5n) = if 5051 • • • 5n e . 

The maps 

c:(cr)<e> C,(r), c^Tc 

and 

t?a"(r)-C"(CF)<e>, r^C, 

are inverse to each other and compatible with the differentials. The isomorphism 
of complexes 

(c:,(r),dr) = (c;(cr)<e>,fo*) 

induces an injection i?"(r) 110" ((CT), n > 1. 

The case n = is different but easy, therefore we leave it to the reader. 



13 



Let M be a closed Riemannian manifold with fundamental group F and universal 
covering tt : M ^ M. Let C*r be the reduced C*-algebra of F. 

We recall the definition of the higher index in Kq{C*T) of an elliptic differential 
operator on M. 

Let E be Z/2-graded hermitian vector bundle on M and let E Tr*E. 
Then E is endowed with a right F-action. There is an induced left F-action 
R*g : C°°{M,E) C°°{M,E), iR*gS){x) = Rg-i{s{xg)). Let D : C°°{M,E) 
C°° {M, E) be an odd symmetric elliptic differential operator. It lifts to a 
F-invariant odd elliptic operator D on C^{M,E). On the right CF- module 
C^(M,E) (which is defined using the right F-action R*g~i) we have a C*F- 
valued scalar product 

The completion of C^{M,E) with respect to the corresponding norm is a 
Hilbert C*F-module denoted by H. The higher index of D is defined as the 
index of the closure of Z?+ : C^{M, E^) H~ . In the following we show that 
D is unitarily equivalent to an elliptic differential operator on M . In particular 



its closure is indeed regular and Fredholm (see Appendix §5.2) 



If y is a vector space with a left F-action, there is a left F-action on (M x V) 
defined by {x.v) i—s- {xg^^,gv). The Mishenko-Fomenko bundle on M is 

■P M xr C;F = (M x C;F)/F . 

It inherits a C*F- valued scalar product from the standard C*F- valued scalar 
product on C*F. 

Let Vaig = M xr CF c P. 

Lemma 4.1. There is an isometric isomorphism between the Hilbert C*T- 
modules H and LF'(M,E®V) inducing an isomorphism between C^{M,E) 
and C°°{M,E(g,raig). 

Proof. A left F-action on C°°(Af, E (g) (DF) is defined by 

Lh{sg) = {Rls)hg 

for s e C°^{M,E) and g G F. Let C°°{M,E^ CT)^ be the subspace of F- 
invariant sections. There is an C*F-valued scalar product on C°°{M, E® (DF)'" 
given by 

= J^{x,y)^^f.,i.dvolfj 

where F C M is a fundamental domain. We denote the completion of 
C°°(M, E (g) CF)'" with respect to the induced norm by Hi. 

Any s e C°°{M,E(g)'Paig) lifts uniquely to an element J2ger ^g9 ^ C°°{M,E(8) 
CF)'" with Sg e C^{M,E). The induced map is an isometric isomorphism 

(M, E ® Vaig) '^C°^{M,E® evf 
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hence we get an isometric isomorphism L'^{M, E ®V) = Hi. 
It can easily be checked that the isomorphism 

is an isometry as well inducing an isometry H ^ Hi. □ 

By the lemma and its proof D : C^{M,E) H is unitarily equivalent to an 
elliptic differential operator V : C°°{M, E ig) Vaig) £^(M, EgV). 



In order to apply Th. 3.5 we embed V into a trivial bundle as follows: 

Let {Ui}i^i be a finite open covering of M such that ■K~^Ui is diffeomorphic to 
UiXT. By refining the covering we may assume that UiOUj is connected for each 
i,j e /. Let {xi}i£i be a subordinate partition of unity. For each i G J fix an 
open set ?7- C n^^Ui, such that tt : ^ Ui is a diffeomorphism. The projection 
p : M X C*r — > P induces isometric isomorphisms pi : U[xC*T ^V\ui- Hence 
we get an isometry V ^ M x C*rl^l by mapping G Vx to {x,Xi{x)vi)i^i, 
where Vi is defined by the equation p~^Sx — {x' , Vi) for x ^ Ui. 

Let gij G r be the deck transformation inducing a diffeomorphism Ulrnr^^Uj ~> 
U'j Htt-^U^. One verifies easily that P = {XtX]9i]h ^ C°° [M , M\i\{C;T)) is 
the projection onto the image of the embedding V M x C*rl^l. 

Since V and P{(B^^^D)P are elliptic pseudodifferential operators on L'^{M, EgV) 
with the same symbol, we get 

indi)+ = indP+ = ind{{P{®^^^D)P)+) G Kq{C;T) . 

Let Boo C C*r be a smooth subalgebra containing CP. Let r G C^/(r) be 
a cocycle such that Cr extends to a continuous cyclic cocycle on Boo. Such a 
cocycle r is called extendable. 

Note that P G C°°(M)(8)M|j|((Dr), hence its Chern character form is in f2*(M)(g) 
f}*Cr/[17*(Dr,fJ*Cr], which we indicate by writing ch^p(P). Here n^<CT is 
defined using the algebraic tensor product. 

By Theorem 

Cr chB^ ind((P(®l^li:>)P)+) = (-1)'= [ Td(M)7r, ch^*^[fT(L>+)]c^ ch*^r(-P) 



with k 



iM(dim M+1) 



2 

,M 



It remains to identify c-r ch(pp(P). 
Let : A4 ^ BY be the classifying map of the covering M ^ M. 
Lift the functions Xi to functions Xi ■ ^ TR and define h — J^i xf- 
In |Lc] it was shown that for r G ^"^(r) with drr = the differential form 

{R*g^dMh)K{RUMh)h...{R*gjMh)T{e,gi,...,gn) 
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on M is closed and F-invariant and that the form cj^ G r2"(Af) defined by 
7r*a>T- = Cjt- fulfills 

v*[t] = [ujr] e H'\M) 
under the identification H*{V) = H*{BT). 

Proposition 4.2. Let r e CaiiX) n > 1 with dpT — 0. Then on the level of 
differential forms 

c.(ch^U^)) = (-l)^((27rz)"n!)-i c^. . 

Hence in W{M) 

[c.(ch^U^))] - (-l)'^((2^*)"n!)-i v*[t] . 



Proof. The following calculation is a modification of an argument in |Lo|. First 
we show that the connection PdP behaves like a flat connection in the sense 
that in the expansion of Cr(ch^p(P)) with respect to the decomposition dtotP = 
dnP + dP all terms containing the factor PdPdP vanish. 

By the cyclicity of the trace we only need to consider terms of the form 
Cr(trP(dtotP)™P(dP)(dP)). Using Leibniz rule for d we deduce that 
trP(dtotP)™P(dP)(dP) can be written as 

io ,ii 

in f7*M(g)17,CF/[J7»(DF,fi,CF] with f^,...^„_, G n*M. Since 

XioXii /ii Xin-l Xi„ Xio^r (Sioil ^ 5*1 22 i ■ ■ ■ i 9in-iin ^ 9inio ) 

— Xii fii-.-iji-iXin-lXi^Xig'^i^j 9iiin 9iii2 9i2i3 J ■ ■ ■ J 9iii2 ■ ■ ■ 9in-lin9inio ) 
~ Xii /ii.--in-lXin-iXi„Xio^(^' 5*1*2 J 5ii is i ■ ■ ■ J 9iiin : 9iiio ) 

and since r is antisymmetric, the summands are antisymmetric with respect to 
the pair (io,in), hence (tr P(dtotP)"(d P)(d P)) = 0. 

Thus 

Crich^AP)) = yf-T^c.tr(P(dMP)(dP) + P(dP)(dMP))" . 
We have that 

{P{dMP){dP)P)un 

= E XtX]9i]dM{X]Xk)9]kXkXM9ki)xiXin9im. 

j,kd£l 

= E XtXjdM{XjXk)XkXiXni{9ikdgkm~ 9ti<i9im) 
j,kdei 

= ^ E iXi{dMX^j)XkXiXrn + XtX^j{dMxl)XiX7n){9ikdgkrn - gadgin^) 
j.k,iei 

= ^^XiidMxDxmgikdgkm ■ 



kei 
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Here we used J2i£i xf — ^■ 

A similar calculation for P{dP){dMP)P shows that 

P{dMP)idP)P = P{dP){dMP)P ■ 

It follows that 

{{P{dMP) {dP)P + P(d P) {dMP)PT)«n 

= (-1)^^ X! XtdM{x\)dM{x%) ■ ■ -dMiXiJXmgzti dg^^^^ dg^^^^ . ..dg^^m ■ 

Hence CT-(ch^(P)) equals, up to the factor (— 1) ' ^ ' ((27ri)"n!)~^, 

X! X%dM{x\)dM{x\) ■ ■ ■ dM^xljcrigtot^ dg^j^^ dgi^.j . . -dgi^ij 

io ,ii,...,in 

= H X%dM{xlJdMix%)---dMixfjT{g^„i,,g,g,^,gig,^,...,gig,^,e) . 

io,ii,...,i„ 

The F-invariant lift of the sum to M equals 

X! R*g„hRl^dMhRl^dMh . . . R*g^dMhT{gi, gig2, . . . , 51 . . . 5„, e) 

so,9i,---,Sner 

= (-1)" Koif^{R;^dMh){RlgjMh)...{R;^,,,gjMh))T{e,gi,gig2,...,gi...^ 

go,gi,...,g„ 

= (-1)" X! Rl,X^{R*gidMh){R*g^dMh)...{Rl^dMh))T{e,gi,g2,.-.,gn) 

go,gi:...,g„ 

= i-irY^Riihu,) 

go 



□ 

Corollary 4.3. For any cocycle t e (^"((r); n > 1 such that Cr extends to a 
continuous cocycle on C^{Boo) 

c^chf5^ \ndb+ = [-lf{[2mYn\)-^ [ Td(M)7r! ch^^'^ [a {D+)]i^*[t] 



yj,th k = dimM(dimM+l) ^ ^ain-^) ^ 

The formula for the higher index in Ki{C*T) of an ungraded operator is anal- 
ogous. 

If D is the signature operator on Af, then the right hand side equals up to 
normalization the higher signature associated to r. The Novikov conjecture for 
extendable r follows then from the homotopy invariance of ind . 

In the following we give an example of a smooth subalgebra Ba^ with CF C Boo C 
C*F. Its construction is typical for the construction of smooth subalgebras from 
unbounded derivations. Up to minor details the construction is due to Connes- 
Moscovici [ CM ] who showed that for F Gromov- hyperbolic every class in H* (F) 
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has a representative that is extendable with respect to this particular Boo, which 
implies the Novikov conjecture for Gromov-hyporbolic groups. 

Let I be a word length function on T. Define an unbounded operator Di on 
P{T) with domain CF by Dig := l{g)g. Let A be the smallest subalgebra of 
B{P{r)) containing CF and multiplication by elements of /°°(F) . We define an 
unbounded derivation 

S:A^B{l\T)), 6{T) := [Di,T] . 
Note that in general 6{g) is not F-invariant, hence (5(CF) is not a subset of 

c;(F). 

Lemma 4.4. 1. S is closable. 
2. 5{A) c A. 

Proof. 1) Let (T„)„g]N C dom 5 be a sequence converging to zero in B(Z^(F)) and 
with lim„^oo[A,T„] = L e B{P{T)). For / e ^^(r) we have that [A,r„]/ = 
Di(Tnf) — TnDi{f). The second term on the right hand side converges to zero, 
hence the first converges to Lf. Since T„/ converges to and Di is closable, it 
follows that Lf = 0. 

2) It is clear that S annulates multiplication operators. From [Di,g]h = {l{gh) — 
l{h))gh and \l{gh) - l{h)\ < l{g) it follows that 5{g) € A. □ 

Let 5i be the closure of 5. For i G IN define inductively the Banach algebra 
Ai = domSi with norm ||a||j = + ||5i(a)||i_i and the operator Si+i as the 

closure of S on ^j. Let be the projective limit of the Banach algebras Ai- 
Then Aoo is a locally m-convex Frechet algebra. Let Bi be the Banach algebra 
Ai n C;F and ;Boo = ^oo n C;T. Then A n C;F C CF C ;Boo, hence Boo is dense 
in C*r and CF is dense in Boo- 

Lemma 4.5. The algebras Bi, i e IN, and B^o are closed under holomorphic 
functional calculus in C*T. 

Proof. We set Bq = C*F and show that Bi+i is closed under holomorphic func- 
tional calculus in Bi for each i e INq . 

lixe Bi+i with ||1 - x\\i < 1, then x''^ = Er=o(l " ^ B^. Since - 
x)") e Ai and 

||^,+i((l - xDh < n\\{l - x)\\r'\\Si+i{^ - x)\U , 

we have that G domJ^+i n C*F = Bi+i. Since A is dense in Ai, for general 
x e Bi+i such that x~^ G Bi exists there is y G An Bi such that || 1 — xy\\i < ^. 
Hence x~^ = y{xy)~^ e Bi+i. □ 

We can also obtain an index theorem for operator D twisted by the Mishenko- 
Fomenko bundle V{m) = M Xr C*F, where C*F is the maximal group algebra 
of F. This is a refined version of the theorem for C*T since there is a surjective 
homomorphism p : C*V C;T. We set B{m) = C*V and B{m)i = p-'^Bi. The 
norm on B{m)i is given by ||a||i = ||a|| + ||p(a)||i, where ||a|| is the norm of a 
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in C*r. It is straight-forward to check that B{m)i is closed under holomorphic 
functional calculus in B{m). 

In the following we briefly discuss how these results modify in the situation of 
flat foliated bundles. Our approach is motivated by the approach taken in jj]. 

If not specified, the notation is as before. Let X be a closed manifold. We 
assume that T acts on X from the right by diffeomorphisms. By pull-back one 
gets an induced left action on the algebra U,*{X) of continuous differential forms 
on X. 

Thus we get reduced crossed products B := C{X) x^T and ^*{X) x^T. 

We denote elements of n*{X) by greek letters in the following and assume them 
homogeneous where necessary. Let g,h € T. 

Multiplication on fl*{X) F is given by the formula 

{ah){Pg) = {ahh*l3)hg . 

The algebra fl*{X) F acts faithfully on the Hilbert 17*(X)-niodule 
n*{X, P(F)) by iujg){av) = {uj A g*a)gv, where v G P(F). 

A smooth subalgebra of fl*(X) Xr-T was constructed in |^ if the group acts 
isometrically with respect to some Riemannian metric on X. The following 
construction, which is a generalization of the construction above, works in gen- 
eral. 

Let A C B{n*{X,P{r))) be the algebra generated by multiplication opera- 
tors associated to elements in /°°(F) and by the algebraic crossed product 
C°°{X,AT*X) XaigT C n*{X) Xr V. One checks that 5{T) = [D^T] is a 
derivation on A. We denote by A the closure of A in B{Vl*{X,f{T))). The 
de Rham operator dx on X defines a derivation on C°°(X, AT*X) Xaig F by 
dx{i^g) '■— {dxLo)g. Leibniz rule follows from 

dx{ahPg) — dx{a /\ h* P)hg 

= {dxa A h*f3 + (-l)'"la A h*dxp)hg 

= {dxa)h(3g + {-iy°'^ah{dxP)g ■ 

We extend dx to a derivation on A by letting it commute with multiplication 
operators coming from elements in l°°(T). 

Lemma 4.6. The derivations dx and S on A are closahle. 

Proof. Let (a„)„£iN C A be a sequence converging to zero in A and with 
lim„^oodx(an) = a e A For / G C°°(X, AT*A:) (g) (DF C n*{X,l^{V)) 

af = lim dx{anl) ■ 

n — >oo 

Choose a Riemannian metric on X and let il*^^^(X) be the L^-completion 
of n*{X). The unbounded operator dx is densely defined and closable on 
the Hilbert space ^l*^2){-^) ® ^^(r)- Since there is a continuous injection 
n*{X,P{T)) f^(2)(A) (g) P{T), the operator dx is closable on n*{X,P{T)) 
(considered here as a Banach space) as well. Hence af = 0. 
The proof of the closability of 6 is analogous, using the closability of Di on 

n*JX)(g>f{T). □ 
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Let now 6i , be the closure of d, dx respectively. We define, generalizing the 
above construction, for i G IN inductively the Banach algebra Ai — dom St n 
domdf" with norm 

||a||, = ||a||,_i + ||<5.(a)||i_i + \\df {a)\\i^i 

and the operator Si+i^dfj^^ as the closure of S,dx, respectively, on Ai- Then 
Ai is closed under holomorphic functional calculus in A. Again, let Bi be the 
Banach algebra Ai n B. We have that An B = C°°{X) Xaig F, which is dense 
in Bi for any i. 

If r is trivial, then there is a continuous embedding from Bi to C^{X). Examples 
of cyclic cocycles on C^{X) are the traces f i-^ a A d/ for a a closed k form, 
k = dimX — 1. 

We get a S-vector bundle := M Xr B. An isometric embedding 
M X S'^l can constructed as above. (Indeed, it holds that V-^ = V '^c^s 
Now let F be a hermitian vector bundle on M Xr A' and F — > (A/ Xp A) x 
an isometric embedding. We let Pp ■ [M Xp A) x ^ F be the orthonormal 
projection and denote by Pp the F-invariant lift to {M x A) x C^. 

Lemma 4.7. Let T be a C°° {X)-linear T-equivariant differential operator on 
C^{M X A). The T descends to a differential operator T on C°°{M,V^). 
The map T i-^ T is compatible with taking sums and products of differential 
operators. 

Proof. The operator T induces a F-equivariant operator on C^{M x A) (g) CF 
and extends to a F-equivariant operator on C°°{M,C{X) x^ F), thus is well- 
defined on C°°(M,C(X) XrTf ^ C°°{M,V^). □ 

Thus the projection Pp defines a projection Pjp on C{M,'P^)p and thus a 
C{X) Xr F- vector bundle J- on M. We denote the composition of the pro- 
jection M X B^'^P -> i'P^)P with Pyr by Pjr again. We have that Pjr e 
C-(M,M|,|p(6oo)). 



Now one can apply Theorem 3.5 to the pairing of [D] e KKo{C{M),(C) with 



[Pjr] e Ko{C{M, C(A) XrT)), where D is as before. 

For cyclic cocycles concentrated at the conjugacy class of the identity (see [GL 

M 



for the terminology) on Boo one can evaluate the pairing with chgfP^) further, 
in a similar but more complicated way as in Prop. 4.2, see |^||GL] for related 



calculations. We refrain from giving details since the formula would be a special 



case of [ pL[ . (To be precise, in [GL| it was assumed that the holonomy groupoid 
is Hausdorff and remarked that the results might hold in general. Here we do 
not make this assumption.) 

As above we also get index formulas if we take the maximal crossed product. 



4.2 An index theorem for C*- dynamical systems 

Let G be an n-dimcnsional oriented compact Lie group with n odd. We assume 
that G is endowed with an invariant Riemannian metric with unit volume. Let 
D be an invariant Dirac operator on an invariant Clifford bundle E on G. 
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Let {A, G, a) be C*-dynamical system associated to G. Hence ^ is a C*-algebra, 
which we assume to be unital, and a : G — > Aut A is a, group homomorphism 
such that the map A C{G,A), a i-^ a{a) is a well-defined homomorphism of 
G* -algebras. 

The operator P = l>o{D) acts on the Hilbert Amodule H := L'^{G,E (g) A). 
We define the following Toeplitz type extension: Let T{D, a) be the G*-algebra 
generated by the compact operators K{PH) on PH and the Toeplitz operators 
Pa{a)P, ae A. 

Let 'i'_A{E) be the closure in B{L^{G, E ® A)) of the algebra of classical pseu- 
dodifferential operators of order smaller than or equal to zero. We obtain a 
commutative diagram with exact rows 

> K{PH) > T{D,a) > A > 



> K{H) > -^AiE) — C{SG,'EnAE)®A > 0. 

See Appendix |5.2| for the exactness of the second row. Here the second vertical 
map is defined by Pa{a)P ^ (Pa{a)P + (1 — P)) and the last vertical map is 
defined by a i— (t(1 — P) + (a(a) o p)a{P) where p : SG ^ G is the projection. 
Since this map is injective, the last map in the first row, defined as Pa{a)P ^ a, 
is well-defined. 

The connecting map Ki{A) Kq{K{PH)) ^ Kq[A) maps [u] € Ki{A) with 
u e Uk{A) to ind((©'=P)a(u)(®'=P)) G Ko{A), where (©'=P)a(u)(®'=P) is un- 
derstood as a Fredholm operator on {PH)^ and a{u) is defined by applying 
a componentwise. For notational simplicity we assume that fc = 1 in the 
following. If ji : C{G) — > B{L^{G,E)) is the multiplication operator, then 
{L'^{G, E), fi, D) is an unbounded Kasparov (G(G), (D)-module, which can be 
paired with [a{u)] e Ki{G{G,A)). By Prop. |5^ 

ind{Pa{u)P) = [a{u)] ®c(G) [{L^{G, E), ti, D)] . 



In order to apply Theorem 3.5 define the algebra 



Aoc^{xeA\{g^ ag{x)) e G°°(G,^)} . 

Endowed with the subspace topology of C°°{G,A) this is a smooth subalgebra 
of A. Let = TgG and define 

de ■■ Aoo -> Q* <gAoo, a i-^ dG{a(a))(e) . 

We denote by [g] e A"g the dual of the volume form of G at e. Let r be an invari- 
ant trace on Aoo- Then for u £ U{Aoo) we have that a{u) e U{C°°{G,Aoo j)- 
We obtain the following index formula: 

T(md(Pa{u)P)) 

= T{chAjaiu)][D]) 

= (-1)^ / A{G)ch{E/S)r{ch^^a{u)) 

JG 

iizi+i) (n- 1)! „,^^fe-l^ 



^-^^^ ( (2n - 1)! i^(^*dMid,u*)ideu)r-'), M) 
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The second equality follows from Theorem 3.5 

As an example consider G = S^, E = x C and D — i-^. Let S{u) := 
iatiu)\t=o = de{u)[T,S^]. Then we get 

T{md{Pa(u)P)) = -J-t(u*S(u)) = J-t(uS(u*)) . (4.2.1) 
zm 2m 

If furthermore A = C{S^) with the S^-actiow a given by translation and r(l) = 
1, then for u — e^^'^** the formula gives r(ind(PQ!(u)P)) = 1. Hence in this 
case the above connecting map Ki{C{S^)) Kq{C{S^)) is given by the Bott 
periodicity isomorphism. 



We relate formula 4.2.1 to an index theorem proven in [y : Assume that the 
trace is faithful, normal and t(1) = 1. Let At be the Hilbert space completion 
of A with respect to the scalar product (a, 5) := T{a*h). Let D be the closure 
of acting on L^(]R, and let P = 1>q{D). Let a be the lift of a to an 
action of IR on A^ furthermore tt the left regular representation of A on At and 
A the representation of IR on L^(IR) given by {X{y)f){x) = f{x — y). Then (tt, A) 
is a covariant representation of {A, IR, a) and induces a representation tt x A of 
the cross product ^ IR on L^(JR,At)- Let J\f be the von Neumann algebra 
generated by the image of tt x A in B{L^ {JR, At))- By [Q] the operator Pa{u)P 
is Breuer-Fredholm in PJ\fP and 

mdT{Pa{u)P) = -^t(uS(u*)) , 

ZTTl 

where ind,- denotes the index with respect to the trace r. We conclude: 
Proposition 4.8. 

indr(Pa(u)P) = T{md{Pa{u)Pj) . 



5 Appendix 

5.1 Index theory and KK-theory 

Let A, B be unital C*-algebras. We recall the notion of a truly unbounded 
Kasparov {A., S)-module from | |Wa] . Truly unbounded Kasparov {A, i3)-modules 
define elements in KK^, (yl, B) . We then express the pairing of K^, {A) with a 
truly unbounded Kasparov {A, S)-module in terms of index theory. We refer to 
for more about KK-t]\eoiy. 

Let _ff be a countably generated Hilbert K-module. 

Recall that a densely defined selfadjoint operator D on is regular if (1 + Z)^) 
has a bounded inverse. For an unbounded selfadjoint regular operator D on H 
we denote by H(D) the Hilbert S-module whose underlying S-module is domi? 
and whose S-valued scalar product is given by 

{x,y)D {x,y) + {Dx,Dy) , 

where ( , ) is the i3-valued scalar product on H. We say that a regular selfadjoint 
operator D is Fredholm if F D{1 + D^)~2 is invertible in the Calkin algebra 



22 



B{H)/ K{H). This is equivalent to D : H{D) H being Fredholm and also 
to the existence of an odd monotonous smooth function x whose limit at ±cxd 
is ±1 such that x(-D)^ — 1 e K{H). Such a function is called a normalizing 
function for D. 

For the definition of the index note that by the Stabilization Theorem H ® 
Hs = Hs- Hence there is an inclusion K{H) K[Hs)- The induced map 
Ki{K{H)) — > Ki{K{Hj3)) does not depend on the choice of the isomorphism. 
Thus we get a map 

Ki{B{H)/K{H)) ^ Ki+,{K{H)) ^ Ki+,{K{HB)) = Ki+,{B) . 

If H is Z/2-graded with i?+ = H~ and D is odd, then we identify i7+ with H~ 
and define mdD+ as the image of [£>+(! + 0"^)-^ e Ki{B{H+)/K{H+)) in 
Ko{B). If -ff+ is not isomorphic to H~ , we define the index of D as the index of 
the direct sum of D with an invertible odd operator on ® . This works 

by the Stabilization Theorem. 

In the case where H is ungraded, the index ind(£') G Ki{B) is defined as the 
image of [2x{D) - 1] e Ko{B{H)/K{H)) in Ki{B). 

Definition 5.1. Let H be a Hilbert C*-module and p : A ^ -S(-ff) a unital 
C* -homomorphism. 

Let D be a selfadjoint regular Fredholm operator and assume that there is a 
dense subset Aoo C A such that for all a e Aoo the operator [D, p{a)] is defined 
on a core for D and extends to a compact operator from H{D) to H and that 
there is x € [0, ^) such that [D,p{a)]{l + D-^)~^ is bounded. 

Then {H,p,D) is called a truly unbounded odd Kasparov (A, B) -module. 

If in addition H is 'Z./2-graded, p is even and D is odd, then {H,p,D) is called 
a truly unbounded even Kasparov {A, B) -module. 

A truly unbounded Kasparov {A, B) -module {H,p,D) is called an unbounded 
Kasparov {A,B)-module if (D^ + e ^i^) and if [p{a),D] is bounded for 
a e ^oo- 

A truly unbounded Kasparov {A, B) -module {H, p, F) is a called a bounded Kas- 
parov {A,B)-module if F is bounded and F'^ — 1 G K{H). 

If {H, p, D) is a truly unbounded odd resp. even Kasparov (A, B) -module and x 
is a normalizing function for D, then {H, p,x{D)) is a bounded odd resp. even 
Kasparov {A,B)-module. The class [{H,p,D)] in KKi{A,B) resp. KKo{A,B) 
is defined as the class [{H, p,x{D))]- 

For example let D be an elliptic scalar selfadjoint pseudodifferential operator 
on a closed manifold M and let A = C(M), A^o = C°°(Af) and for a e ^ let 
p{a) G B{L'^{M)) be the multiplication operator. Then {L'^{M),p, D) is an odd 
truly unbounded Kasparov (C(M), C)-module. 

If ^ = (D and /? : (D — > B{H) is the unique unital homomorphism, then we 
suppress p in the notation in the following. We identify KKo{C,B) with Ko{B) 
via the natural isomorphism [{H,D)] ind(Z)+) and KKi{(C,B) with Ki{B) 
via [{H,D)]^md{D). 

For the following lemma note that (H, p, D) is an even resp. odd truly un- 
bounded Kasparov {A, S)-module, then (iJ", M„(/9), is an even resp. odd 
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Kasparov (M„(^), ,8)-niodulc and that a projection P € Mn{A) defines a class 

[P]i e Ka{A) as well as [P]„ e ifo(M„(^)). 

In the following wo write a for p{a). 
Lemma 5.2. Let P e Mn{A) be a projection. 

Let {H, p, D) be an even resp. odd truly unbounded {A, B) -Kasparov module. 
Then in Kq(B) resp. Ki(B) 

[P\n ®M^iA) [(i?",M„(p),®"i3)] = [P]i [{H,p,D)\ . 

Proof. By Morita-equivalence the map i : A ^ Mn{A), a i— > aEn induces an 
isomorphism in KK-t\ieory. We have that 

[{H,p,D)]=i*[{H^,Mn{p),®^D)] , 

hence 

[P]i^a[{H,p,D)] = [P]i(g>Ai*[{H^,Mnip),(B"D)] 

= i*[P]n<^M„iA) [(//", M„(p),e"£')] . 

Since i4P]i = [P]n 

[P]i ®^ [{H, p, D)] = [PU ®M„(A) [{H",Mr,{p), ©"i?)] . 

□ 

Lemma 5.3. Let P & Abe a projection. 

Let {H,p,F) be an even resp. odd bounded (A, B)- Kasparov module. 
IfF = PFP+{1 - P)F{1 - P), then in KKo{^,B) resp. KKi{(C,B) 

[P]^A [{H,p,F)] = [PH,PFP] . 

Proof. Define the C*-algebra Ap = PAP C A and let i : Ap A he the 

injection. Let p : <C Ap the unique unital homomorphism. Then [{Ap,p, 0)] € 
KKo{(D,Ap) and i4{Ap,p,0)] = [P]. Hence 

[P]^a[{H,p,F)] = \p]®A,i*[{H,p,F)] 
= p*i*[PH,p,PFP] 
= [PH, poiop, PFP] 
= [PH,PFP] . 

□ 

Lemma 5.4. Let A be an unbounded symmetric operator on H with domD C 
dom A. Assume that A : H{D) H is compact. Then D + A is regular. If 
furthermore there is x < ^ such that A{1 + D'^)~^ is bounded, then 

f{D + A)-f{D)€K{HA) 

for any function f G C(]R) such that lim.^^^ f{x) and \mi^^_ao fix) exist. 
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Proof. Let {(j)n)ne'!N C Cc(IR) be a uniformly bounded sequence converging 
uniformly to 1 on each compact subset of H. Then 4>n{D)A(j)n{D) converges to 
A in B{H{D),H). Furthermore (/)„(i:»)A0„(D) G B{H). Since D is regular, the 
operators DzLi are invertible. Hence there is n such that D+A~<j)n{D)A(f)n{D)zL 
i are invertible, thus D + A — (j)n{D)A(j>n{D) is regular. A bounded perturbation 
of a regular operator is regular, thus D + A is regular. 

For Do = D + A and Di = D let Fi = D,{1 + Df)-^/'^. As in the proof of 



[ |W4 Prop. 3.7.] it follows that Fq - Fi e K[HjC) . Then 7r(Fo) = 7r(Fi), where 
TT : B{H) B{H)/K{H) is the projection, hence 7r(/(Fo)) = 7r(/(Fi)) for any 
function / e C([-l,l]). □ 

Proposition 5.5. Let P E Mn{Aoo) be a projection. 

Let {H,p,D) he an even resp. odd truly unbounded Kasparov {A^ B) -module. 
Then mKKo{^,B) resp. KKi{(C,B) 

[P] [{H,p,D)] - [PH'\P{®^D)P] . 

Hence for D even 

[P] ®A [{H,p,D)] = ind(P(®"i?+)P) e Ko{B) , 

and for D odd 

[P] ®A [{H,p,D)] - ind(P(®"i?)P) e Ki{B) . 

Proof. By the first lemma it is enough to consider the case P E A. 
Let Dp = PDF + (1 - P)D{1 - P). 

Since Dp = D - 2P[D,P] and 2P[D,P] : H{D) ^ H is compact, the oper- 
ator Dp is Fredholm. Furthermore by assumption there is a; < i such that 
2P[Z?,P](1 — D^)^^ is bounded. Let x be a normalizing function of D. Then 
by the previous lemma x(^) ~ x{Dp) € hence in KKq{A,B) resp. 

KKi{A,B) we have that 

[{H,p,D)] = [{H,p,x{D))] - [{H,p,x{Dp)] . 

Hence 

[P](^A[iH,p,x{Dp)] = [PH,Px{Dp)P] 
= [PH,x{PDpP)] 
= [PH,PDP] , 

where the first equation follows from the second lemma. □ 
In the following we use the definition of and results on the relative index of 



proj ections and the noncommutative spectral flow from |Wa]. We also refer to 



[ Wa | for history and references concerning the noncommutative spec tral flow. 



which generalizes the family spectral flow introduced by Dai-Zhang [DZ|. We 
denote the even and the odd spectral both by sf . The relative index of a pair of 
projections and the relative index of pair of Lagrangian projections are denoted 
by ind. 

Let D be a regular selfadjoint Fredholm operator on H. Recall that a selfadjoint 
operator A E K{H) is called a trivializing operator of D ii D + Ais invertible. 
If H is Z/2-graded and D is odd, we assume furthermore that A is odd. 
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Proposition 5.6. Let (H,p,D) be an unbounded even resp. odd Kasparov 
{A, B) -module. 

Let U € Mn{Aoo) be a unitary such that U* € Mn{Aoo) o,s well and let [U] be 
its class in Ki [A) . 

If there is a trivializing operator A of (S"'D, then with P = l>o(ffi"-D + A) 

md{P,UPU*) = si{{l~t){®''D)+tU{®''D)U*,A,UAU*) 
= [U](^a[{H,p,D)] . 

Without the assumption on the existence of trivializing operators formula \5.1.^^ 
below holds in the ungraded case and formula 5.1.^ in the graded case. 

Proof The equality ind(P, UPU*) = sf((l - t){®"D) +tU{®"D)U* , A, UAU*) 
was proven in [Wa, Example after Prop. 3.15] in the ungraded case. The proof 
of this formula in the graded case is analogous. 

For the second equality it is enough to consider the case n = 1 by the first 
lemma. 

Assume that H is ungraded. 

Let X G C°°(IR) be a monotonous function with xi^) = for a; < | and 
x{x) = 1 for a; > |. 

Let = i A on L'^{S^) and let [^51] e KKi{C{S^), C) be the corresponding 
class, where the C(S'^ )-action on L'^{S'^) is given by multiplication. 

Define the Avector bundle L(U) := ([0, 1] x ^)/(0, v) - (1, Uv) on 5*^ and let 
^L(u) be the Dirac operator ^51 twisted by the bundle L{U) with the trivial 
connection. Then i^L(u) + x{t)D + (1 — x{t))U DU* is densely defined and and 
its closure is Fredholm on the Hilbert ;B-module L'^{S^ , L{U j) (g)p H. We claim 
that 

[U][D] = md{i^Liu)+x{t)D + {l-x{t))UDU*)eKo{A) . (5.1.1) 

If D admits a trivializing operator A E B{H), then 

si{{l-t)D + tUDU*,A,UAU*) = sf{xit)D + {l-x{t))UDU*) 

= ind{t^LiU) + x{t)D + (1 - x{t))UDU*)) 



where the last equation follows from [Wa, Prop. 3.15] and the relative K- 
theoretic index theorem. 

Let xq resp. X2 be a smooth positive function equal to 1 on [0, |] resp. on 
[|, 1] and equal to on [i, 1] resp. on [0, i]. Let xi = \/l — \/xo + X2; hence 
Xi + (Xo + X2)^ = 1- It is easy to check that the map M from the bundle L{U) 
to the range of the projection 



P{U) = 
on X A? defined by 



xl Xi{Xo+X2U) 
Xi{Xo + X2U*) {xo + X2f 



(x, v) i-> (a;, Xi{x)v ® {xo{x)v + X2{x)Uv)) 
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is an isometric isomorphism. It induces an isometric isomorphism between 
P{U){L^{S\A^) (g>p H) and L^{S^,L{U)) ®p H, denoted by M as weU. On 
L^{S^,L{U)) <E)p H the maps 



(c/) - Af-ip(C/)(®2^5i)P(t/)Af e M2iCiS\A)) 



and x{t)D + (1 - x{t))UDU* - A-r^ P{U){®^ D)P{U)M are bounded. Hence 
in Ko{B) 

inA[~i^L(,u) + x(t)D + (1 - x{t))UDU*) = ind(F([/)(-z 0^ ^gi + (S^D)P{U)) . 

We have that [U] (g>A [{H,p,D)] - [P(C/)] ®c(s^^) ([^s^] ® 

Since the Kasparov product [^51] (g) [{H,p,D)] G iiri4ro(C(S'^,^),S) is repre- 
sented by the odd selfadjoint operator 

-i^si + D 
i^si +D 

on L'^{S'^, ® the previous proposition imphes that 

{[Pm (^c(S\A) i^sA) ® [{H, P, D)] = ind(F([/)((-* 02 ^^,) + (©2i^))P([/)) . 

If iJ is graded, let a be the grading operator. One proves analogously that 
[U][D] = md{-a^Liu) + ^<y{x{t)D + [1 - x(t))U DU*)) e Ki{B) . (5.1.2) 



This, [Wa, Remark after Prop. 8.4] and the relative index theorem imply the 
assertion. □ 

By the following argument, which was pointed out to the author by Ryszard 
Nest, the pairing of U with {H, p, D) as in the proposition can always be ex- 
pressed in terms of a spectral flow: Let d be an invertible unbounded operator 
on His with compact resolvents and such that the ranges of l>o(d) and l<o(d) 
contain a copy of i?e- Then the pairing of \U] with [{H,p,D)] coincides with 
the pairing of \U] with the odd Kasparov ;B)-module (H (B H (B Hj\^,p ® 
® 0, £> ® {-D) ® d). The index of D ® {-D) ® d in Ki(B) vanishes, and the 
operator admits spectral sections. Now apply the proposition. 



5.2 Pseudodifferential operators over C*-algebras 



We refer to |MF| for the definition and general facts about pseudodifferential 



operators over C*-algebras. 

Let ^ be a C* -algebra with unit. Let M be a closed Riemannian manifold and 
let E be an yl-vector bundle over Ad endowed with an ^-valued metric. Endow 
with the standard ^-valued scalar product and let £' — > M x A"' be a smooth 
isometry (such an isometry always exists). Let F be the complement of E in 
M X 
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Let A be the scalar Laplacian on M . For any p S IR we define the Sobolev 
space HP{M,A'^) as the completion of C°°{M,A") with respect to the norm 
induced by the ^-valued scalar product 

<f,9 >H.:=< (1 + A)P/'f, (1 + A)P/'g . 



We first assume that E = A". 

Let P : (M, E) C°° (M, E) be a symmetric pseudodiflerential operator 
of order s e H. The nonsymmetric case can be reduced to the symmetric by 
P* 



considering 



P 



In |vIF| it was shown that P : RP+^iM, E) Hp{M, E) is continuous. 
Lemma 5.7. The operator P : HP+'{M,E) HP{M,E) is adjointable. 

Proof. It is straightforward to check that P^ ^ {1 + A)-2'*-pp(i + A)p ; 
HP{M, E) ^ RP+'iM, E) is the adjoint of P. □ 



The proof of the following lemma is analogous to the classical case and is given 
here for completeness. 

Lemma 5.8. Let s > 0. If P is elliptic, then P as an unbounded operator on 
L'^{M,E) with domain H'^{M,E) is selfadjoint. 



Proof. Let Q be the parametrix of P and P* the adjoint of P. The closure 
of QP* equals the closure of QP on L'^{M,E). Thus Kh = {1 - QP*)h e 
C°°{M,E) for h g domP*. Clearly QP*h e domP . Hence 

h^QP*h-KhedomP . 



□ 



Proposition 5.9. Let s > 0. If P is elliptic, then P is regular as an unbounded 
operator on L^ (M, E) with domain (Af , E) . 



Proof. From 

II(p' + i)/I1l^>II/IIl^, feC°°iM,E) , 

it follows that the operator + 1 : II^^{M, E) L^{M, E) is injective and its 
range is closed. Furthermore it is adjointable by the first lemma. 

It follows that the range of (1 + P^) : II^''{M, E) L^{M, E) is complemented. 
By the previous lemma (1 + P^) is selfadjoint, hence 

Coker(l + P^) = Ker(l + P^) = {0} . 



Therefore (1 + P^) is surjective and thus P is regular. □ 

Corollary 5.10. Let s > and assume that P is elliptic. The identity in- 
duces an adjointable isomorphism between the Hilbert A-modules H{P) and 
H%M, E). 
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Proof. The identity H(P) H''{M,E) equals the composition of (1 + P^)^ : 
H{P) L^{M, E) with {l + P"^)-^ : L^{M,E) ^ H'{M, E). The first map is 
an isometry and the second is adjointable since (1+P^)~ 2 is a pseudodifFerential 
operator of order —s. □ 

Since (1 + P^)' is a pseudodifferential operator for any q G IR we also get 
adjointable isomorphisms of Hilbert Amodules (1 + P^)"? : H^+'^i'' {M , E) ^ 
HP{M, E). 

We conclude that if E is Z/2-graded and P is odd, then the index of P+ : 
HP+^iM, E+) H^iM, E-) is independent of p and equals the index of P+(l + 
p2)-i . HP{M,E+) HP{M,E-). 

For general i? let e S C°"{M,Mn{A)) be the orthogonal projection onto E. 
Define Ae := eAe + (1 - e)A(l - e). Since Ae : H^iM.A"^) L^{M,A") 
is regular, the restriction of Ag to L'^{M,E) is regular as well. We define 
HP{M, E) as the completion of C°"{M, E) with respect to the norm induced by 
the ^-valued scalar product 

</,.9>H-=< (l + A,f/2/,(l + Aef/2g>i.2 . 

After replacing A by Ag, the statements of this sections hold for general E. 

Furthermore from the previous corollary one can deduce that the injection 
HP{M,E) HP{M,A") is adjointable. 

In the end we note the exactness of the sequence associated to the symbol map 
for classical pseudodifferential operators over C*-algebras. 

We assume that E is the trivial vector bundle with fiber A. The general case 
can be derived from this. Let be the closure of the algebra of classical pseu- 
dodifferential operators of order smaller than or equal to zero in B{L^{AI,A)). 
Let SM be the sphere bundle of TM. Since C{SM) and K{L^{M)) are nuclear, 
the algebra ^'c is nuclear as an extension of C{SM) by K{L?{M)) |b|, Theorem 
15.8.2]. Hence vj/j. ^ j\ xj/^ where ® is any tensor product of C*-algebras, 
and there is the commutative diagram 

> K{L^{M,A)) > ^-c®^ > C{SM,A) > 



> K{L^{M,A}) > -^—^ C{SM,A) > . 

In particular the second row is exact. 
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